








































































Midterm Advice
PRACTICE

Understand the defs andthms reallywell
Notjust memorization it'saboutideasandconcepts
Eg Whatdoes it mean for aseries to converge
Think as you read yournotes
Does eachstepmakesense
Readall questions first
Gofortheeasierones tostart
Budgetyour time
1h30min 6 15min











































































Course Overview

InfiniteSeries

E An Ao ta that

E ar I ar s

fr
if trial

Partial sum E ar all forany r

Whendoes taking a sum of infinitelymany numbersmakesense
Whatdoes it mean for a series to converge

Weneed him E an to exist

Ex Geometric converge iff Irk l

P series É Ip converges iff p I











































































In practice finding the limit is hard So wehaveconvergence
tests

DivergenceTest
ComparisonTest
LimitComparisonTest
Integral test
AlternatingSeriesTest
RatioTest
RootTest

Theconvergencetests are reallyaboutthe terms that we are
Summing If theydecay to zero fastenough wehave
convergence If not we havedivergence

Ez I 1 doesnottendto woo at all
Divergesby divergence test

Et In does not tendto zero fastenough

Ez ta doestend to run fastenough











































































Butwhy do we care aboutseries in calculus
Powerseries Specifically Taylorseries

EECnle a
n

Powerseriesallow us to represent complicated functions as
infinite polynomials

Ex Howdoes yourcalculatorcompute et
75

Using
theTaylorseries for et Howdo we ensurethis is accurate
enough Taylor's theorem with remainder

TaylorSeries For a function f having derivatives of allorders
at a its Taylorseries centred at a is

fifa x a If a O we sayMaclaurinSeries

Ex E E I sine l M 1la o

wax El YI E x











































































NthTaylor Polynomial Tn x I Lga x a

Es For it Ts x I X E Y Y t

Forsin x Ts x X E E

Forcosx Ts x 1 E E
Note 1stTaylorpolynomial is a linearapproximation to f

2ndTaylorpolynomial is a quadratic approximationto f
3rd is cubic
i ate

Taylor's TheoremwithRemainder DefineRdx I f x Tn x l
If Ifind x EM forall x e I forsome interval I then

IRn x E
Hy

lx al











































































Ex What is Rs x for fix wax

Note If lx Isinx1 or Ifl x coax Ax

Ifl x e I

IRs x E

I 1 1 Ux

Warning Blindly applying Taylor's theorem and computing
many derivatives to get a powerseries for your function is
not always thebest There is often a betterway

Remember that we can take derivatives and integrals ofpower
series

Ex Find thepowerseries for fix aretan x and determine
the radius of convergence

Notice f lx É 3 2 11 x taxi l

I l l 3 6no I excl











































































Taking theintegral wehave

fix 1 15 l x l

Noticewe haveR l

Ex Evaluate f lo for f x x ex by analyzing itspower
series representation

How to dothis Findthe coefficient of x in the powerseries
Equate it with fig the coefficient of x in theTaylor

series expansion

Iet x'Egg É
X g X g g t 34 t

Equate f f f lo











































































Parametric Curves and PolarCoordinates

Goal Describecurves in IR Thecurves are notnecessarily
graphsof functions and thus do not have to passthevertical
line test

Noticethe link with the laterchapter on vector valued
functions where we describe curves in IR

Ex x cost y sin t OE te2m

How to graph Start at t 0 and samplevalues of t along
the interval

Y
r t E

L E E

ta to
x

t É
a
t











































































Derivatives Often interested in how components changewithtime
t x It y t

Sometimesalso interested in tangent line to the curve For
this we need dy dx

EEYE
If dy O we have a horizontal tangent line

If dy I d we have a vertical tangentline

Just like in Cal l

Integrals and treeundertheCurve

A fi y It x It at

Intuition Foreachsmalldisplacement in x scaledby change intime
sample a y value Take theweighted sum ofsuchvalues over
the interval











































































Ex SeeTutorial 5 Question2

Arelength

s f y s day at

Intuition Sumup the distances travelled overshort increments
oftime

Ex Seetutorial 5 Question 3

PolarCoordinates Many curves are easier to describe in
terms of distancefromtheorigin r and angle withthe
x axis A

rt x y D tan y
x rcos0 y rainO

Polar functions r10











































































Howtograph these Just like parametriccurves samplevaluesof

Ex r 07 4sinO

O I

fo

Areaof RegionEnclosedby a polar curve

A I f r lol do

Intuition

Xi

Strada











































































A
Ex Seetutorial 5 Question5

ArelengthforPolarCurves

L f if s loyal do fi ji ay do











































































Vectors in Space

a ha as as I bi ba bas

É I a b t hab tabs
generalizes to anydimension

Ex5

Scalar

i j t vector
e ca as Thisonlyworks in R
bi ba b

Thevector ex5 is orthogonal to both I and I

d b Hell11511cost in

ittaxtill Hall 11511sin0

Describing lines in IR

PointP and directionvectord

ParametricEquation of a line p ti teIR











































































Simplifiedpicture d
in IR

op

ExSeeTutorial 6 Question 3

Describing Planes in IR A plane is best understood as theset
of vectors orthogonal to thenormal vector T

Z p

7

Sufficient to have a point p and normal vector ni

Equation of a plane E f I 0

x p n t lypa na t 12 p3 no 0











































































One can also form a plane fromthreepoints AB C

ri AB xBE

Thentakeany of A B C to be p

Ex SeeTutorial 6 Question4

Projections Projet Efp i 1

poojas
s i

compete projaill II











































































Surfaces

know thefour conicsections

Circle
Has a radius r and centre h k
x h t ly k r2

2

41 t ly 2

i s

Ellipse
Generalization of circle
Canthink of stretching or shrinking circle along x axis
or y axis

É light I











































































it a
b

Parabola

y a x h t h or y ax'sbx a C

If given secondform can findvertexby taking derivative
andsetting to zero

y Lax r b y O e x k
Note y La If a 0 concaveup If a O concave

down











































































Hyperbola

hi G I or leash if D
1

at

i

a
G

i is
b is the height oftheasymptote at x bra

If we assume h k 10,0

x242 1 y x I y I x I

Helps see why we getthecurve we get











































































If we getthesecond form imaginethe sameplotbut
flip x and y

Y n

ÉE

To sketch a surface draw thetraces in the xyplane setting
2 0 X2plane setting 4 01 and y z setting x 01











































































Ex z t I 43 4

Xyplane 2 0 E E 4 If I

Y n

Fa ellipse

y

Nz

X2plane y 0 2 tE 4 2 4 E
Parabola

4

A











































































42 plane x 0 2 4 4 2 4
y

Parabola

Ellipticparaboloid











































































Vector Valued Functions

Natural extension of parametriccurves tohigherdimensions

Flt xlt yltt z t

F'lt ex ltl y t t

Tangent vector TLE F It
In It21

Provided HE E 11 0

Silt dt LSxCtldit Sylt dt felt dt

Arelength s fill till dt
Are length function If we imaginethe cum as representing
position over time we can ask howmuch distancewe have
covered in a given amount of time

sit fillit till dt











































































Ez Find an arc length parametrization of Flt 4cost4sints

First find are length function

s It ftV16sin't t 16cos't It
ft4 It

4t

ta
We canthen reparametrice the curve in terms of distance
travelled s instead of time It Notice s and t havedistinct
meanings

F s 24cos 4 4sin E


































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































