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@ Goal: Rigorously characterize these compute-optimal scaling laws in

a setting where theoretical analysis is tractable.
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A Tractable Setting

@ We introduce the setup in the paper “4+4-3 Phases of
Compute-Optimal Neural Scaling Laws” by Paquette et al.
[PPXP24].

o Input: x ~ Np(0, D), where D := diag(j—2* : j € [m]) for some
a>0.

e Target: y = (x,b), where b = (b1,..., bn) € R™ is such that
b; = j = for some 3 € R satisfying 2a + 28 > 1.

e Random features: We only have access to W' x, where
W € R™ has i.i.d. N'(0, %) entries, and d < m.

@ Model: Fit the target via linear regression with the random
features. The risk is then

Z4(0) = E[((WTx,0) — (x,b))*|W].
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The Training Procedure

%4(0) = E[((WTx,0) — (x,b))*|W].

@ The parameter vector @ € R is fit by SGD with r iterations. At
each iteration t, a fresh batch xgl), . ,xﬁB) ~ Nn(0,D) is drawn.
() _ (x0)

e The labels y; x; ', b) are assumed noiseless.
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The Training Procedure

%4(0) = E[((WTx,0) — (x,b))*|W].

@ The parameter vector @ € R is fit by SGD with r iterations. At
each iteration t, a fresh batch xgl), . ,ng) ~ Nn(0,D) is drawn.
o The labels yt(i) = (x(ti), b) are assumed noiseless.

@ Assuming a step size -y such that yB < 1, the SGD updates take the
form

B
0i11=0; — VZWTxg')«WTx(t'), 0:) — y,_g')).
i=1
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Risk Dynamics under SGD

@ How does the risk Z evolve with d, r?

o [PPXP24] express the risk dynamics as a recurrence that depends on
the eigenvalues {A;}7"; and eigenvectors {u;} ; of the random

matrix Ko = (D/2W)(DY/2W)T:

m

Z4(0,) =Y (aTujula)(1—2yBA; +29°B2)?)"
j=1
d r—1
+3°92B22 3 (1 - 29B); +292B202) T %(6,),
j=1 s=0

where a = D/?b.
o Ky has the natural interpretation as a sample covariance matrix for
d i.i.d. draws from N,(0,D).
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Spectrum of Ko

o Recall
D =diag(j "> :j € [m])  W;~N(0,3).

o The spectrum of Ko = (DY2W)(D/2W)T has three components:

o Point mass at zero: Since Ko € R™*™ has rank at most d < m.
e Bulk: The collection of the smallest nonzero eigenvalues.
e Spikes: The largest eigenvalues.

7/21



A Random Matrix Analysis of Scaling Laws
0000@0000000

Enter Random Matrix Theory

@ We can express functions of the spectrum of Kg as contour integrals
involving its resolvent (Ko — zl,,,) ! for z € C\ Ry.

@ Let I be any contour enclosing the eigenvalues of Ko. [PPXP24]

write
Ry(r) = F(r)+ (A = Rq)(r),
where
1 N
‘g;(r) = _27 aT(Ko—Z)_la (1_2782_‘_2,728222)r dZ
i Jr
2
B .
H(r) = 72777‘1' rtl’(Ko — Z)_lz2(1 — 2yBz + 2’728222)r dz.
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Deterministic Equivalent

@ Analysis of the dynamics is rendered tractable by replacing
(Ko — z)~! with a deterministic equivalent Ry(z) satisfying

- 5o, Lo

o (Ro(o)-(Ro-2)2)

aT<R(z)—(R0—z)—1>a

as m,d — oo such that m/d — ¢ > 1.
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Deterministic Equivalent

@ Analysis of the dynamics is rendered tractable by replacing
(Ko — z)~! with a deterministic equivalent Ry(z) satisfying

5o, aT<R(z)—(R0_z)—1>a 5o

tr(Rof)-(Ro-2)?)

as m,d — oo such that m/d — ¢ > 1.
@ Here,
Ro(z) = diag((j**q(2) — 2) " : j € [m]),
where q(z) is defined implicitly by the equation

1

v i—2a
j=1 q(z)—z

q(z) :

144
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Deterministic “Approximating” Equation

@ We now have a deterministic convolution-type Volterra equation

R(r) = F(r)+ K(r) « R(r).

where
1
F(r):= ~5 raTRO(Z)a (1 —2yBz 4+ 2v*B?2%)" dz,
VB
K(r) = 57 rtr Ro(2)z?(1 — 2yBz 4 2v*Bz?)" dz.
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A Major Limitation

@ Paquette et al. do not show that R(r), the solution to the

deterministic Volterra equation, is in fact “close” to the stochastic
dynamics Z(6,).
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A Major Limitation

@ Paquette et al. do not show that R(r), the solution to the
deterministic Volterra equation, is in fact “close” to the stochastic
dynamics Z(6,).

Conjecture [PPXP24]

For {6,} the sequence of iterates generated by SGD with 6y = 0 and any
e >0,

0= < { Ty <049

with high probability (which tends to 1 as d — o).
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Decomposing the Volterra Equation

R(r) = F(r)+ K(r) = R(r).

@ With an appropriate choice of contour I enclosing the spectrum of
Ko, [PPXP24] show that, asymptotically,

1
R(r) = Fo(r) + Fac(r) + Fpp(r) + WfBKpp(r)-
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Decomposing the Volterra Equation

R(r) = F(r)+ K(r) = R(r).

@ With an appropriate choice of contour I enclosing the spectrum of
Ko, [PPXP24] show that, asymptotically,

1
R(r) = Fo(r) + Fac(r) + Fpp(r) + WfBKpp(r)-

@ Fo: Approximation error arising because the input space has a
subspace of dimension (m — d) > 0 in ker(WT);

@ F.c: Error arising from the spectral bulk;

@ Fpp: Error arising from the spike eigenvalues;

@ Kpp: Error due to SGD noise — under full-batch gradient descent,
this term is of strictly lower order.
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Asymptotics of R

1
R(r) = Fo(r) + Fac(r) + Fpp(r) + VfB’Cpp(r)'
@ Recall
x ~ N(0,D) D := diag(j 2% :j € [m])
y = {x,b) bj=j" Vjem]
Function *I'(z) is the Gamma function

30("“) — d—20¢+max{0,1—2;3}

Fpp(r) ~ (20) 7L x T(2 — & 4 1) x (29B x r)~(1HB/0)+1/(22)

if 28 > 1, 2a 1
Fac(r) < C x Folr), l P> se< for C' > 0, independent of d
0, if28 <1

I£ 28 > 1,20 > 1, Foo(r) ~ (121 57%) (20) 10 (1 = 55) x (2yB x r)~1+1/(2) x g1
Kpp(r) ~ (20) 71 X T(2 = i) x (2yB x 1) 721/

Image source: [PPXP24] 13/21
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4(+3) Phases of Compute-Optimal Scaling Laws

@ The scaling laws are partitioned into four “phases” in the («a, )
plane depending on the dominant components of R.

A

: ,
’,
: .
1 "
@
.
of @
pentuple !
¢ point '," high-dim
‘ line

Image source: [PPXP24]
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4(+3) Phases of Compute-Optimal Scaling Laws

Asymptotic R(r) Trade off Compute-optimal Curves
Ia R = ga—1)a+s/a=1/(20)
&+ = C1/(2a+1)
1a-p
Ib R*=C2 7"
Phase T Fopp(r) + Folr) Fop=Fo = C%
a(20+28-1)
Ic R*= Cu(23—3)—2d+1
1-2(at5)
d* = O Xa(@B-3)-25+1)
204261
Phase II Fopr) + Facr) Fop = Fae RY <O 2eED)
+Fo(r) d* = CB/)/(1+8/a)
* o ((1—da)/(da)
Phase IIT Fac(r) + Fo(r) 5K = Fac Lils CI/Q
o
+7%)Cpp(7") r=C
IV: LK, F L
a  J5Kep=Fo 1/
: d* = C1/2
Phase IV For() +Fo(r)

+ K (1)

Vb LKy =Fpp

(1—20)(20428-1)

R =< (CT
i = Oa—B)/(2af+a—20)

@B Ta—28))
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Limitations of [PPXP24]

@ We highlight three important limitations of the paper:
(1) The deterministic Volterra equation is not rigorously proven to
approximate the true stochastic risk dynamics;
(2) Both the model and target are linear;

(3) The feature map W7 is fixed and random instead of being learnable
by SGD.

@ Our proposed extension outlines a potential step towards addressing
the third limitation.
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Extension to Spiked Model
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Feature Learning Step as a Rank-1 Update

Theorem ([BEST22] Theorem 3, Informal)

Consider a linear random features regression problem with x ~ N(0,1,,),
y = u(x,b) such that ||b||» = 1 and 1 > 0.

Let Wy denote the result of a single full-batch gradient descent step on a
training set of size n with v = ©(1). Then W1W/ has a spike
eigenvalue \1 and associated eigenvector vy such that, in the limit

n,d, m — oo at a proportional rate,

A1 — O(p) 1— [(v1,B)[> > ©(u?).
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Feature Learning Step as a Rank-1 Update

Theorem ([BEST22] Theorem 3, Informal)

Consider a linear random features regression problem with x ~ N(0,1,,),
y = u(x,b) such that ||b||» = 1 and 1 > 0.

Let Wy denote the result of a single full-batch gradient descent step on a
training set of size n with v = ©(1). Then W1W/ has a spike
eigenvalue \1 and associated eigenvector vy such that, in the limit

n,d, m — oo at a proportional rate,

A1 — O(p) 1— [(v1,B)[> > ©(u?).

@ Back in our setting with x ~ N,(0,D) and y = (x, b), this
motivates us to consider a spiked random features model where

W=r7bl" +2Z, Z;~N(0,1),7=0(%).

Q.
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@ To use the ideas from [PP)~(P~24], we require a new deterministic
equivalent R(z) for (DY2WWTD/?2 — z)~1,
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Deterministic Equivalent for Spiked Power-Law Model

@ To use the ideas from [PP)~(P~24], we require a new deterministic
equivalent R(z) for (DY?WWTD/?2 — z)~1,
o We derive, using [HLNO7]:

m2d ty—1 s\l T sy 1
- 1 d Im =D | 2D
)= Lo ) L4 50) Tt 1)

m
1- 791+ 5)-1aT(l, + $D)~la

where
2d _ —2a—283
d %(1+5) 2ij:1 il+£'72o<
s+ + d/ =0
z(1+ %) T2d ty—1\m jT2«728
d 1-25(1+ ) Zj:11+5ﬁ
2 _ i—4a—28
1Zm: j2e 2+ P sy 0
t + - s -2 + 2 i—2a—2p3 = U.
PRI IS ) o e
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Deterministic Equivalent for Spiked Power-Law Model

@ The major drawback of the above deterministic equivalent is that it
is not an explicit function of g(z).

@ As a result, the technical estimates from [PPXP24] that lead to
bounds on F and K do not immediately carry over.
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Extension to Spiked Model
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Deterministic Equivalent for Spiked Power-Law Model

@ The major drawback of the above deterministic equivalent is that it
is not an explicit function of g(z).

@ As a result, the technical estimates from [PPXP24] that lead to
bounds on F and K do not immediately carry over.

@ Whether a more tractable deterministic equivalent can be
found remains an open problem.
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Simulation Study

@ The case (a, 8) = (0.5,0.7)
e On boundary of Phases Ill and IVa
o Theory (for 7 = 0): R* < C~1/2

101 4 d=300

Risk
o
il
@
=)
8

1077 1

107 108 10°
flops flops

(a)Tr=0 A (b) T=1/v/d
=9.862. C %47 #(C) = 2.756 - C0+03
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Extension to Spiked Model

Simulation Study

@ The case (a, 8) = (0.6,0.2)

o Phase la

o Theory (for 7 =0): R* =< C 0277

100 4
109 4
101 4
1072 {
1073 4
10714
10° 10° 108 107 108 10° 10° 105 10¢ 107 108 10°
flops flops
(a)yr=0 (b) T =1/v/d
#(C) = 1.761 . 02002

A(C) = 2.361- C50%
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The Choice of Contour

Appendix
000000000

Im(z)

W1+1/(2a) 1

d log(1/€)

wl—1/(20)
d

R
Tog(1/4)

Tr

T

1

I'=T¢ + Tcaps N
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Along I

Proposition (Behaviour of g(z) near zero, [PPXP24] Proposition 7.3)

The function q(z) is analytic in a neighbourhood of z = 0 of radius
c(a)d=2% for some c(a) > 0. Furthermore, q is negative on (0, cd—2%),
vanishes at 0, and has |m’'(0) + x(m/d)d?*| < Cd?*~* for all d
sufficiently large, where k(m/d) solves

m/d
/ N k=1 (1)
0

K+ x2«

Proposition (Contribution along g, [PPXP24] Proposition 8.1)

The function Fo(r) is constant and

2a—203
J —2a+(28-1)1—1
]r < Cd .
0 21+J 2ad2aﬁ(m/d)‘f\/
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Along ¢

Proposition (Contribution along I'c, [PPXP24] Proposition 8.3)
There exists M(ug, u1) > 0 and C(r) so that if yBr € [M, d?>*/Ml], then

Czr)(]:PP(r) +‘7:3C(r)) < ]:C(r) < C(r)(}—pp(r) ""]:a::(r))’

where

1
Fpp(r) := 1/0 uF=1/2% exp(—2yBru) du

and

1
Fac(r) = ;Z/d y—1/2eq=1 exp(—2vyBru) du,

with cg = Zf.iﬂ_w if 8> 1/2 and cg = 0 otherwise.

—2a

6/12
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@ Proving the previous proposition requires several technical estimates
of g(z) along T'c.
@ Interpretation: F,, captures the contribution of the spike
eigenvalues, while F, captures the spectral bulk.
o Fpp describes the dynamics of learning the high-variance directions.
o If 3 is sufficiently large (i.e., the task is “sufficiently easy”), then the
lesser eigenvalues do not contribute (i.e., F,. does not matter).
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[e]e]e]e] lelele]e]

Along ¢

@ The dominant contribution to the kernel function K also arises along
Mc.

Proposition (Approximation of K, [PPXP24] Proposition 9.1)

Suppose o > 1/4. Then there exists a positive function C(r) such that

Ty oeelr) = KAr) < C(NKpp(r),

where ) )
B
Woaellir)) = S exp(—2vBru) du.
2c 0
C(r) is bounded independent of d if yBr < d**M for some M > 0.

@ Interpretation: This captures the effect of SGD noise. Indeed, if we
instead had B = n o r (full-batch GD), then due to the assumption
vB < 1, this would be dominated by F.
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Along 'y and g

Proposition (Contribution along I'caps, [PPXP24] Proposition 8.2)
Define

Fcaps 1= / a’Ro(z)a(l — 2Bz + 2¢°B2%)" dz.
M urg

There exist positive functions f(r), g(r) and a constant K satisfying
f(r) < K exp(—cyBrd=2%) and g(r) < K exp(—cyBr) so that

| Feaps(r)| < K - £(r)d=201(=20)+ L K. g(r).
@ Hence, so long as yBr 2 d° for some £ > 0, then Fc,ps is of at most

the same order as Fy.
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Making the Volterra Equation Explicit

Theorem (Approximation Solution for R, [PPXP24] Theorem 2.1)

Suppose that v, B are such that v < 1/2 and 1/4(1 — /1 — %) > 7.
Moreover assume 2a + 23 > 1 and o« > 1/4.7 There exist M > 0 and

A = A(a, 5, M) such that if yBr > M, then

F(r) + (K x F)(r) < R(r) < F(r) + AL+ F)(r).

Moreover, the convolution can be bounded as

1
(K« F)(r) =< F(r)+ V—BIC(r).

“The authors conjecture that this result also holds for o < 1/4.
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Deterministic Approximation to Spectrum of Ko

@ Stieltjes inversion: The “spectral density” of Ko at each A > 0 can
be approximated via % lim,, o+ %tr Ro(A + in).

10-2

107° 107* 1073 1072 107! 10° 10t 107 10°

Figure: Simulation for m = 2000, d = 1000, a = 0.5, 3 =0.7, 7 = 0.
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Change to Spectrum under Rank-1 Perturbation

107!

1074
1077
1020

10-13

10-16 e

10! 107! 100

Figure: Simulation for o = 0.5, = 0.7, m = 2000, d = 1000, 7 = 1/\/3
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