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Consider an LLMwith d parameters trained on n examples

Empirically as d n grow a powerlawtrendhasbeenobserved in thetestloss

R n d c n ca d

eg
Chinchillascaling Hoffmanetal 2022 an xd 0.5

Onecanalsoask If weconsider a fixedcomputebudgetC nd in FLOPS whatisthe

optimal choice of n d

It isalsoempiricallyobserved thattheoptimal d n follow a powerlaw in C



Question Is there a theoretically tractablesetting in which we can rigorously provethis

sowerlawsealing

PowerLaw Random Features Maloneyetal 2022

Sketched linear
regressionwith sourceandcapacity constraints CaponnettoanddeVito 2007

Input X NaOH Designmatrix XeIR

let Ii vi betheeigenvaluesandeigenvectors ofH with 7 a 0

Capacitycondition T i izl andsome as I

controlsthe effectivedimension oftheinputdata

This is observed inrealworlddata e.gZipf'sLaw in natural language

Target E ylxno 2x w s 0 E y ax.ws

For i j E Luiwsavj.ws 0

Sourcecondition For is1 IE 7 Vi w s is forsomeb 1

Theprojections ofw ontothedirectionsofhighestvariancehavepowerlawdecay

Aside Paquetteetal 2024 assume a simplified special case where H D diag j je d

and w ER is deterministicwithWj j
b

Learner Weintroduce a notionofmodelsizebyassuming thelearneronlyhasaccesstomad
randomfeatures i e XSE IR whereSe112m is a randomsketchingmatrixwith

Sij N O T ie d jelm



Sothelearner is fu IR IR XH Sx v7 forVERM

Loss vix y y asx.us

Linetal 2025 FixdatasetD Xi4 in learn v viamultipassSGD
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L Totalnumberof iterations it Unit n

BycontrastGDhasupdates At1 f ESx SxiOtis Yi

RiskRmve Exy axStuns y

Firststep Breakdowntheevolutionoftheriskovertime

Eo Rmve E axSives y

IE axStvew's e y axis e

O E LxStu w s

o E x S ve v x Stu w s where v SHST SHw

o E x Sv w IE x S v v If youexpandeasytosee
crosstermshavezeromean

ie

eiii1tEIEi i ideas

iifii this if mE
sketchedfeatures



Goal Showpowerlawdecayofthesesourcesoferrorin m h n

Oneapproach NoticethatΣ SHSTis a randommatrix Usetheframeworkofdeterministicequivalents

validintheregimem d ns.t G c toapproximate eacherrorterm SeePaquetteetal 2024

Instead wewilldiscussthenonasymptoticapproachof Linetal 20242025

Nextstep Decompose Excess Bias Var

Excess IE 114v12
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Suppose to 0 Moreover onecanshow SX E and E E o

I 110 villi If I I reE v1 E IV E still

Bias Var

where Bias ExEx 11H I 8E ill Var IE h XSVEEVE SX's



Rigorouslyshowingdecayratesforeachsourceoferror isquiteinvolved so letus instead

focuson intuition

Recall Capacitycondition T i izl andsome as 1

Sourcecondition For is1 IE 7 Vi w s is forsomebot

Approx E IS'vewill SeRm verm weird

Duetosketching v can atbest onlyrecoverthetop m componentsofw intheappropriateeigenbasis

Heuristicargument Approx it fi x dx mt b

Bias is E 1102v11 if therewere no labelnoise

ConsiderGDtominimize Sx v52

o t SHS O T

EiTi bi vet Assumewhog Ti ei if areeigenpairsofSHS

Then10 v51 1 yE e
28 2 afterL iterationsofGD

NoteTheauthorsprovetheeigenvalues D ofSHSalsosatisfy powerlaw i e I i

e
28 et L 2 i 282
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AfterL steps yl components of u are learnedtohighprecision

This leaves anerrorof it 82



Im letLess L logL Assume y 1 login andleft n y

RmVc o Approx Bias o Var Flue with

1 Approx m
t b

2 Bias max mtb Less
g

b la

Bias Leafy when leafy m e

Var min m Leary n

3 EFlue glogin easy
Less8
n
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Emergenceand Scaling laws

letusmovebeyond linearregression tostudy nonlineartargetsandfeature learning
in neuralnetworks

Analogy learningmanycomponents oftargetvector learningmany
featurevectors

Target Sumofsingleindextargets

x apoup s x NCO Ia Nolabelnoise

where Vi are orthonormal and

Allowfor extensivewidth whereP o asd o

Renetal 2025 assume o hasinformationexponent 2andeven

BenArousetal 2025 assume 0 z Her z 221

learner f x Ewall o via x where via
ftp

Algorithm OnlineSGD

Loss l v i x f x f x value

V U.lt yDulxt where Xe is a fresh iid sampleateachiteration

Note When P 1 single indextarget it is known BenArousetal 2021 thatthesample and

thustime complexity of learning v with v is nt d where k is theinformation

exponentof 0



k IE o min k O Ea na o z Heila 0

whereHer is the4ᵗʰ probabilist's Hemite polynomial

Thm Informal Assuming β n dEm P wehave

a Emergence Forp m wehave VpUp s 1 Oa l onceat peak
1

Notice if m P 1andn ischosenoptimally wereturnto t dk
1

b ScalingLaw Thepopulationriskfollowsthepower law Rlt

g g vmj.gg

7

keyideaDuetosmallinitializationVia Unit andsquareloss thedynamicsofeachVia can
beapproximately decoupled fromtheothers

AnalysisSteps

1 Populationgradientflow Via DuR

2 Discretization

3 ControllingthefluctuationsofSGD martingale argument



FutureDirections

Incorporating generalcovariance capacity
constraint intoadditivetarget

Scaling lawsforlogisticregression KC is currently working onthis


