
α meansClustering

2 meansaimstopartition n observations Xi Kneadintoclusters C Ckso as tominimize

qq.MY E it feel 41 NoteThisproblem isNPhard evenwhenk 2

Algorithm Lloyd'sAlgorithm Specify kmeansandmapeachobservationtotheclosestone

Initialiakmeans m mid

Assignment Assigneachpointtoclusterofnearestmean

t xp xpm.ltll xpmy ll j kick

Update m.tt I

1C YEHY

Stopwhendecreasein becomessmall or clusterassignmentsstopchanging

AssignanynewpointxeRdtoits
nearestclustercentreMj

Note k means isnotguaranteedtofindtheoptimalsolutionto A
It onlyconvergesto a localminimum inthesensethatre assignmentandupdatechangesnothing
Howevereachstepofthealgorithm is guaranteedtodecrease OstrovskyEffectiveof

Lloydtypemethods

Property Thedecision regions

R x eRdHxmill I x mll VijeK

resulting fromthekmeansclustering algorithm areconvex

I Hxmill Hxmjll 2 x mis 11mill 22 my Imill

m mi x 11mill lmjll



Thisregion hastheform La x b i.e a halfspace

Butthen R xerd Hxmill Hxmjll which is an intersection ofhalfspaces

In particular intersectionsofhalfspaces are convex

Problem What if lineardecisionboundariesaren'tenough
r

Iii i

Wecannot globally separatetheclusterswith a lineardecision boundary Howeverthe
clustersexhibitinteresting localstructure There are pointswithin a clusterwhich are far
fromthecentroidbutclosetoeachother

Spectral Clustering

IdeaEncodelocal neighbourhood structurewith a graph G VE where V Ex Xn

andtheedges in E haveweightsbasedon how similar two
vertices are

Foreverypair viVj define a weight similarityWije0
Encodeweightsin a symmetricmatrix

WelRdxd



CommonchoicesofW

E neighbourhood i.eWij I iffHx xyll e

k nearestneighbours

Fullyconnectedwith a similaritykemel e.gWij exp l xi xj1l 202 forsome030

it iiiiiiiii
keyGraphQuantities

Degreeofvertex i di Wij

Degreematrix D diag di dn

WAB ftp.pwij

VolA Edi

TheGraphLaplacian

Def The unnormalized graph LaplacianofG is L D W e 112mn

Lij Dig Wij di i j assuming noselfedges

Wij i j



Prog PropertiesofL

1 uelR utLu wij ui uj

Pf utLu ut DW u Édial Wijkill

Wiju EWijkill

É Wijup nice

ÉWij ui will 2 ÉWij u will

ÉÉWijlui uj
2 L is symmetricandPSD

Pf Duh

3 L has a zeroeigenvaluewithcorrespondingeigenvector1 1,1 1 eIR

Pf L1 Lij di Éwig 0
4 If L hask connected componentsA Ax theeigenvalue0hasmultiplicitykwith associated

eigenvectors 1A whoseentries areoftheform 1A Y
Note 4 impliesthat if thegraph is already perfectly partitioned theeigenvectorsexactly

giveustheclustering



Writetheeigenvaluesof L as 0 7 In
andtheassociated eigenvectors as U UneR

Spectral Clustering Algorithm

GivenW construct L
Obtaintheeigenvectors Ui UkEIR andencodethem in UER

For ie n lety betheithrowofU

Usethekmeansalgorithmtocluster pi is intoCa Ca
Mapbacktoclustersintheoriginalspace

Ex IdealCase k 3 connectedcomponents
V2

V V8

Wlog we have U Ic Ua 102 Us ICs
Then Y Ya 43 1 0 0

t
44 45 01 0 Yo y 48 ya 0,0 1

Normalized Laplacians

It's natural toconsidertheweights associatedtoa vertex V relativetothedegreedi

Lsym D LD Lsymbij I

Arg
i j

Low D L how
is 1g

I

do 1
i j



Explaining Spectral Clustering

I willcovertheconnectiontographcuts which is illustrativebutflawed as Iwillexplain

RecallWAB
gas
wig VolA Eadi

DefineA VIA and

certA Ak WAiAi

Considertheobjectiveof partitioning cutting V into subsets A Akwithaslittleweight

as possible betweendistinctsubsets

RatioCutA Ar I ÉWAiAi i
IAil

NotA A EiY

Nextis a very natural objectiveforclustering minimizesimilarity
betweenclusterswhile

maximizingsimilarity
betweenclusters

Forsimplicity wewillfocus ontheconnectionbetweenRatioCutandspectral clusteringwithL

Theconnection betweenNeutand sym arisessimilarly

Approximating RatioCutfor k 2

Objective 1in
RatioCutAF 2



Define a bijection between thechosenpartitiongivenbyAandue.IR
GivenA V write u un un er Ui IAI IAI VieA

IAI IAI UEA
3

WewillshowthatwecanrelateRatioCutto a collectionofquadratic forms involving L

UtLu Wij Ui g

Eg Wis 1kt EE wij 1
cut A 1 1 2

cut A FITA IFFI
n RatioCat A F by 1

Moreover EUi Ea 1 EfHf I I Al VIII At 0

Ui 1

And Hull E 11 Ea4 I I 1A n

2 is equivalent to
pin u

Lu u as in 3

This is still an NPharddiscrete optimization problem let'stake a continuous relaxation

andimpose utd 0 and Hull n as constraints



Milan uthus.t.at 0 Hull n

ifGisconnected
Since u 1 thesolution mustbe Us theeigenvector associatedwithJa withappropriate

rescaling sothathall n

Us Uq Uga Upn
T
E R

Scalarrepresentationsofeachdatapoint

Clustertheentriesofus intotwoclusters

Note Thegraphoutobtainedfromspectralclustering isnotguaranteedtobeclosetotheoptimal

ratiocut Infactthereexists an examplewherespectralclustering yields a valueoftheobjectivein
2 whichis n timesworsethanoptimal

Thisreasoningcanbeextended tok 2 bydefining a bijection betweenA Akand k indicator

vectors insteadofone

Laplacian Eigenmaps

Wenowdiscuss a veryrelated unsupervised learning algorithm

Data Xi XneRd

Motivation LikePCA wanttoembed thedatainto IR wherekad UnlikePCA

wewanttobeabletodothisnonlinearly

Usethesameideaof a graphG V EW and a notionofsimilarity



Algorithm

Identifyconnectedcomponentsof6 e.g byDFSBFS thendothefollowingoneach
component

Compute firstkit eigenpairs ofLow D L dono 7kUk
Embed kits Uni Uki

Similarly tospectralclustering wecanmotivatethiswithan optimizationproblem
Assumek 1andconsider

In sit Helen Yen
Avoidstrivialsolution

Similarpointsshouldbeclose

Asbefore thesolution is y us

Thiscanbegeneralizedtoks

1jan at Wijlly 4ill sit UTV In V1 0

DY
Optimal solution is 4



Theoretical Guarantees

BelkinandNiyogi 2005 Towards a Theoretical FoundationforLaplacian BasedManifold

Methods

Assumethedatapoints X Xn aredrawnfrom a manifoldM in IR

Then inthelimit inprobability as n so thegraphLaplacianconvergestothe

Laplace Beltramioperator Am definedby Amf divDmf fortwice differentiable

f M IR

VonLuxburg BelkinBousquet 2008 ConsistencyofSpectral Clustering

The eigenvectors ofthenormalized Laplacianconvergetotheeigenfunctionsof a limit
operator


